We derive sampling functions for estimation of quantum state fidelity with Schrödinger catlike states, which are defined as superpositions of two coherent states with opposite amplitudes.
I. INTRODUCTION
Negativity of Wigner function represents one of the most striking signatures of nonclassicality of the quantum states of light. The quantum states exhibiting negative Wigner function are not only of fundamental interest but they also represent a valuable resource for quantum enhanced metrology [1] , optical quantum information processing [2, 3] and tests of Bell inequality violation with balanced homodyning [4] [5] [6] . Very recently, it was shown that states with negative Wigner function are necessary for quantum enhanced computing because quantum circuits involving only states and operations with positive Wigner functions can be classically efficiently simulated [7] [8] [9] .
Given the fundamental importance and potential practical applications of highly nonclassical states of light with negative Wigner function, their experimental generation has attracted a great deal of attention during recent years. The states of propagating light fields exhibiting negative Wigner function can be prepared from initial Gaussian squeezed states by exploring quantum correlations between several optical modes and conditioning on the single photon detection on some of the modes. Depending on the chosen configuration one can either conditionally prepare a Fock state [10, 11] or perform a conditional single-photon addition [12, 13] or subtraction [14] [15] [16] [17] [18] . These latter operations proved to be extremely powerful and useful in engineering various quantum states and operations [19] [20] [21] [22] [23] [24] . In particular, by conditionally subtracting a single photon from a squeezed vacuum state one can generate a squeezed single-photon state that closely approximates a coherent superposition of two coherent states, also referred to as Schrödinger cat-like state.
The cat-like states represent a crucial resource for quantum computing with coherent states, where qubits are encoded into superpositions of two coherent states with sufficiently small overlap [25] [26] [27] . The advantage of this scheme is that the two-qubit entangling gate, which is difficult to implement for single-photon qubits, can be implemented simply by interference on a beam splitter. On the other hand, the single-qubit Hadamard gate becomes challenging in this framework, because it amounts to generation of coherent superpositions from input coherent states. A scalable implementation of the Hadamard gate as well as the whole quantum computing scheme requires quantum teleportation where auxiliary cat-like states serve as quantum channels.
In practice, any state preparation procedure is necessarily imperfect and influenced by losses, noise, and other decoherence effects. It is thus very important to reliably characterize the generated states and certify their desired properties such as the negativity of Wigner function. In a vast majority of current experiments on generation of cat-like states of traveling light fields, this characterization is accomplished by homodyne detection on the prepared state. By varying the phase between local oscillator and signal beam, statistics of various rotated quadratures is measured, which provides a tomographically complete set of data [28] from which the state is subsequently reconstructed.
Here we consider scenario where we are interested only in certain specific characteristics of the state. In particular, we will investigate determination of the fidelity of the measured state with a cat-like state from the homodyne data. The fidelity provides a convenient and succinct characterization of the quality of the prepared state and we show that it can serve as a witness of the negativity of Wigner function of the prepared state. We will derive sampling functions [29, 30] that enable fast and direct estimation of the cat-state fidelity by averaging the sampling function over the measured quadrature statistics. This approach is appealing because it avoids the full tomographic reconstruction of the state from the measured data which may be computationally demanding. In addition, the resulting fidelity estimator is linear hence its statistical error can be easily determined.
The rest of the paper is organized as follows. In Section II we briefly review the mathematical model of homodyne detection and derive sampling function for fidelity with coherent superposition of two coherent states. We also show that the fidelity with an odd coherent state provides an upper bound on the value of the Wigner function at the origin of phase space, so it can be used to witness the negativity of W at this point. In Section III we derive sampling functions for diagonal density matrix elements in the basis of squeezed Fock states, which represent fidelities of the measured state with the squeezed Fock states. In Section IV we investigate reduction of statistical uncertainty of the estimated fidelities for a fixed total number of measurements by an inhomogeneous sampling where the number of quadrature measurements depends on the phase between signal and local oscillator beams.
Finally, Section V contains a brief summary and conclusions.
II. SAMPLING FUNCTIONS FOR CAT-STATE FIDELITY
A homodyne detector measures the rotated quadrature x θ = x cos θ + p sin θ, where x and p denote the amplitude and phase quadratures that satisfy canonical commutation relations [x, p] = i [29] . A realistic homodyne detector with detection efficiency η < 1 samples probability distribution w(x ′ θ ; θ, η) of a noisy quadrature
where x vac denotes quadrature operator of an auxiliary vacuum state. Our goal is to estimate from the homodyne data the fidelity of the measured quantum state ρ with a cat-like state represented by a coherent superposition of two coherent states,
where
|α denotes a coherent state with amplitude α and N = 1 + e −2|α| 2 cos φ is a normalization factor. More specifically, we seek a sampling function S F (x ′ θ , θ; η, α, φ) whose average over the measured quadrature statistics yields the fidelity (2),
If we insert the explicit formula (3) for the cat-like state into Eq. (2), we get
This formula indicates that the fidelity F C is closely related to the Husimi Q-function of the state ρ, defined as [31] Q(α, α
where ρ m,n = m|ρ|n denotes density matrix element in Fock basis. If we formally assume that α and α * are completely independent variables then we have for instance πQ(−α, α * ) = e 2αα * α|ρ| − α , and we can thus write
The sampling function for fidelity F C can therefore be constructed from a sampling function S Q for the Husimi Q-function [32] [33] [34] [35] . For the sake of completeness we briefly recapitulate the derivation of S Q since in the next section we will extend this procedure to derive a sampling function for the Q-function of a squeezed copy of the state. The Q-function can be calculated as an inverse Fourier transform of the characteristic function C A (β, β * ) = e −|β| 2 /2 exp(βa † − β * a) corresponding to antinormally ordered moments of annihilation and creation operators,
By introducing polar coordinates for the complex variable β = ike iθ we obtain a relation between the characteristic function C A and a characteristic function of rotated quadrature
If we insert this expression into Eq. (8) we
. Using Eq. (1) we can establish a relationship between the characteristic function of the measured quadrature x ′ θ and the characteristic function of quadrature x θ which appears in the formula (9) . Since the quadrature x vac is not correlated with x θ and exhibits Gaussian probability distribution with zero mean and variance 1 2 , the characteristic function of x ′ θ becomes a product of characteristic functions of x θ and x vac ,
We set ξ = k 2/η, express the characteristic function of x ′ θ as a Fourier transform of w(x ′ θ ; θ, η), and after some algebra we obtain
If we insert the expression (11) into Eq. (9) and evaluate the integral over k then we arrive at
where the sampling function for the Husimi Q-function reads [32] [33] [34] Here erfi(z) = −i erf(iz) denotes the error function of imaginary argument, and
Note that the derivation actually yields a complex S Q . However, the imaginary part of S Q is so-called null function whose average over all physically allowed quadrature distributions vanishes because the Q-function is real by definition. Therefore, the imaginary part of S Q can be safely neglected and it suffices to keep only the real part as given in Eq. (13) .
With the sampling function for the Husimi Q-function at hand we can straightforwardly construct the sampling function for the fidelity with the cat-like state (3). It follows from
Eq. (7) that Note that the explicit determination of S F requires evaluation of the error function of a complex argument. We recall that due to the relation x θ+π = −x θ it actually suffices to sample the rotated quadratures only in the interval θ ∈ [0, π]. In fact, the sampling function exhibits the symmetry S F (x θ , θ) = S(−x θ , θ + π). This symmetry is illustrated in Fig. 1 where the sampling function S F is plotted for three different values of the phase φ and a fixed amplitude α. The dependence of the sampling function S F on x θ exhibits oscillatory behaviour that reflects the phase-space interference characteristic for the cat-like states (3).
As shown in The fidelity F − = α − |ρ|α − with an odd coherent state for any state ρ that
With the help of this inequality we can upper bound the value of Wigner function at the origin of phase space as follows,
In particular, if
, then the Wigner function is negative at the origin, W (0, 0) < 0.
The fidelity F − thus provides a lower bound on the negativity of Wigner function and its estimation allows us to certify the negativity even without full tomographic reconstruction of the Wigner function.
Very recently, it was shown that the value of Wigner function at the origin of phase space provides a witness of a quantum non-Gaussian character of the studied state [47] . A quantum state is quantum non-Gaussian if and only if it cannot be expressed as a convex mixture of Gaussian states [44, 45, 47] . It was proved in Ref. [47] that the state is quantum non-Gaussian if
Heren denotes the mean number of photons which can be estimated by averaging a sampling
/η over the homodyne data [48] . By combining the inequalities (18) and (19) we find that the fidelity with an odd coherent state can also serve as a witness of the quantum non-Gaussianity. In particular, the state is quantum non-Gaussian if
Note that the right-hand side of this inequality is smaller than By proving that the state is quantum non-Gaussian we certify that a highly non-linear process was involved in its preparation [46, 47] .
III. SAMPLING FUNCTIONS FOR FIDELITIES WITH SQUEEZED FOCK STATES
In practice, an approximate version of the cat-like state (3) can be prepared by subtracting a single photon from a squeezed vacuum state [14] [15] [16] [17] . Under ideal circumstances, the resulting state coincides with the pure squeezed single-photon state,
where U(r) = e −ir(xp+px)/2 denotes the unitary squeezing operator and r is the squeezing constant. The fidelity of squeezed single-photon with an odd coherent state [49] F (α, r) = 2|α|
can be maximized by optimizing the squeezing r as a function of α. In this section we derive sampling functions for state fidelity with squeezed Fock states. In other words, we seek sampling functions f sq,n (x θ , θ; η, r) for diagonal density matrix elements in the basis of squeezed Fock states, p n (r) = n|U † (r)ρU(r)|n ,
We will make use of the fact that the Husimi Q-function is a generating function of density matrix elements in Fock basis,
Consequently, the sampling function for Husimi Q-function is a generating function for the sampling functions of density matrix elements in Fock basis. We will therefore first derive sampling function S Q (x θ , θ; η, α, α * , r) for Husimi Q-function of a squeezed version of the measured state U † (r)ρU(r). Subsequently, we will determine the sampling functions for p n (r) according to the formula f sq,n (x θ ; θ; η, r) = π n! ∂ 2n ∂α n ∂α * n e |α| 2 S Q (x θ , θ; η, α, α * , r)
We proceed by expressing the measured rotated quadrature x ′ θ in terms of the quadrature operators x 0 = xe −r and p 0 = pe r of the squeezed state,
We can rewrite this expression as follows,
where x 0,ϑ = x 0 cos ϑ + p 0 sin ϑ, and the new effective phase ϑ and the scaling factor a are given by [46] tan ϑ = e −2r tan θ,
a = e 2r cos 2 θ + e −2r sin 2 θ.
With the help of Eq. (27) we can establish the following relation between characteristic functions of quadrature distributions,
which generalizes the formula (10). If we combine Eqs. (9) and (30) then we arrive at the expression for Husimi Q-function of squeezed state U † (r)ρU(r), 
The integration over ϑ can be replaced with the integration over the actual phase θ between the local oscillator and the signal beam,
and after this substitution we can repeat the procedure outlined in Section II. We express the quadrature characteristic function appearing in Eq. (31) in terms of the measured quadrature distribution, exchange the order of integrals and integrate over k. After some algebra we obtain sampling function for Husimi Q-function of squeezed version of the measured state,
The sampling function exists if and only if s > 0 for all θ which implies a lower bound on the detection efficiency,
The amount of tolerable losses thus decreases with increasing squeezing. We now insert the sampling function (33) into Eq. (25) and calculate sampling functions for estimation of the fidelities with squeezed vacuum and squeezed single-photon states. After some algebra we obtain f sq,0 = 1 a 2 s f 0 (x θ,η,r ), where
and f n (x) denote the standard sampling functions for diagonal density matrix elements in Fock basis [34, [50] [51] [52] ,
From these general formulas we can recover the previously derived pattern functions as special cases. If we set r = 0 then a = 1 and s = (2η − 1)/2 and we recover the losscompensating sampling functions for probability of vacuum a single-photon states. If η = 1, then s = 1 for any a and the sampling functions for density matrix elements in squeezed Fock basis are obtained by a simple re-scaling of sampling functions f n (x) for density matrix elements in the ordinary Fock basis [46] ,
In Fig. 3 we plot the sampling function f 
of the calculus of variations and reads
The corresponding minimum achievable variance is given by
It is instructive to compare this variance with the variance for a constant sampling density
It holds that V min ≤ V c due to Cauchy-Schwarz inequality and the equality holds only if
As an illustrative example, let us consider estimation of diagonal density matrix elements in squeezed Fock basis. We shall assume that the measured state ρ is a squeezed thermal-
, where the density matrix ρ T is diagonal in Fock basis, ρ T = ∞ n=0 p T,n |n n|. The quadrature distribution of this state can be expressed as
where w T (x) is a distribution of an arbitrary quadrature of the state ρ T and for the sake of simplicity we assume perfect homodyning with unit detection efficiency. If we insert the quadrature distribution (45) and sampling functions (39) into Eq. (41) we obtain
where a depends on θ according to Eq. (29) and
is a constant that does not depend on θ. Let us first consider the homogeneous sampling with m(θ) = M/π. The integral in Eq. (40) can be analytically evaluated and the variance of the estimate of p n (r) is given by
pendence of the sampling density m(θ) on θ is given by
and m opt (θ) does not depend on n for the studied example. It can be easily verified that π 0 m opt (θ) dθ = M. This optimal sampling density yields the variance
which represents an improvement by a factor of cosh(2r) with respect to the homogeneous sampling. As anticipated, the sampling density is highest for the squeezed quadrature (θ = π/2) and lowest for the anti-squeezed quadrature (θ = 0) and the ratio of these two sampling densities scales as e 4r .
A successful application of the above discussed noise reduction procedure requires the knowledge which quadrature is squeezed and what is the amount of squeezing. In many experiments on preparation of nonclassical states of light, such information would be a-priori available to some extent, e.g. from auxiliary measurements on the Gaussian squeezed vacuum state before photon subtraction. As this latter conditional operation typically exhibits very small success rate, the reduction of statistical uncertainty by optimized quadrature sampling may be particularly relevant in this context. Even if the state would be initially completely unknown, one can perform probe measurements on several copies of the state to characterize its squeezing properties and then use this information to optimize the dependence of the number of measurements on the phase shift between signal and local oscillator beams. 
